We examine the acoustic radiation from multiple high-speed subsonic and supersonic free shear layers. We decompose the flow field into a base component (an average), a component associated with the spatially and temporarily growing and decaying instability waves, and the acoustic radiation associated from the instability waves. We find an analytical solution for the acoustic radiation through the use of an acoustic analogy. The arguments of the acoustic analogy involve the two-point cross-correlation of quantities associated with the base flow and instability waves. The instability waves are modeled with a newly proposed basis function. A combination of large eddy simulation, steady Reynolds-averaged Navier-Stokes solutions, and turbulence modeling is used to close the acoustic model. We compare our predictions to those of previous investigators and our predictions match previous theory. We find that the dominant acoustic radiation is due to the large-scale highly spatially coherent turbulence. The interaction of the instability waves causes secondary broadband radiation at higher observer angles.
Introduction
High Reynolds number free shear flows are prevalent within aerospace applications and remain one canonical problem within the field of fluid dynamics. Shear layers are studied extensively to understand turbulence and associated acoustic radiation. Large scale highly spatially coherent and temporally evolving turbulent structures convect at high speeds within high Reynolds number shear layers. These shear layers radiate noise and similar turbulent structures exist in the more complicated jet flow. In this paper, we analyze and predict the acoustic radiation from high Reynolds number two-dimensional compressible shear layers using a decomposition approach and an acoustic analogy. Large eddy simulation (LES) and steady Reynolds-averaged Navier-Stokes (RANS) simulations are used to decompose the flow field and are the arguments of the acoustic analogy. We restrict our investigation to the sound radiation due to the instability waves, the instability waves interacting with one another, and the instability waves interacting with the base flow.
Experimental research
Mollo-Christensen performed many experimental investigations at MIT, which were designed to study and isolate large-scale coherent structures in turbulent flow fields. In one such study, Mollo-Christensen 1 investigated jet and shear flow instabilities with a focus on radiated jet and shear layer noise. Mollo-Christensen 1 used two-point measurements and found correlations of velocity fluctuations as a function of jet and shear layer conditions isolated from the experimental apparatus. He was able to correlate the growth of instability waves with the correlations and radiated noise in the context of Lighthill's acoustic analogy. In a similar study years later, Armstrong et al. 2 performed pressure crossspectra measurements within a jet plume and showed that large-scale structures exist in high Reynolds number flows. Armstrong et al. 2 argued that low-order large-scale structures dominant the flow and have relatively high acoustic radiation efficiency compared to other sound generation mechanisms.
A visualization technique was used by Crow and Champagne 3 to examine orderly flow structures within round subsonic jets. It was shown that instabilities evolve from sinusoid to helical and finally a train of axisymmetric waves with increasing Reynolds number. By forcing the nozzle boundary layer, a wave forms that is predictable using traditional linear theory. A similar visualization technique was used by Dimotakis and Brown, 4 who examined a turbulent mixing layer in a water channel. Laser Doppler velocimetry showed fundamental periodicity within the large-scale structures that contained correlation times longer than the integral time scale.
At high Mach number but low Reynolds number flow, the noise generation occurs from predominately instability waves, as shown by Morrison and McLaughlin. 5 Morrison and McLaughlin 5 used a low-level excitation within the upstream portion of the flow field that caused the majority of sound to be generated in the potential core. Papamoschou and Roshko 6 examined the growth rate and turbulent structures of a compressible plane shear layer in a range of Mach numbers, M, from 0.2 to 4 using Schlieren and Pitot probes. Papamoschou and Roshko 6 showed that growth rates of the shear layer approach a value of approximately 02 for supersonic convective Mach numbers.
Suzuki and Colonius 7, 8 examined instability waves within subsonic jets using a near-field phased array of microphones. Measurements were performed to ascertain instability waves through comparisons with eigenfunction reference solutions derived from linear theory. Suzuki and Colonius 7 showed that the instability waves evolved in the mean flow from the nozzle exit to the end of the potential core. Noise was shown to be highly correlated to the phased-array measurements and instability waves. 8 In a recent and similar approach, function must be connected to the large-scale instability waves or other flow structure within the flow. Often, the wavepacket model is connected to the outgoing acoustic radiation through the use of the convective wave equation. One example of this approach is of Reba et al., 22 who used a wavepacket to model noise from a jet. Reba et al. 22 used an array of 80 microphones to calibrate the wavepacket acoustic radiation. They argued that large-scale wavelike structures are a dominant source of noise within these high-speed jets at both subsonic and supersonic speeds. For complete reviews of wavepackets, see Morris 23 and Jordan and Colonius.
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Contributions of Professor Morris
Morris 25 defended his PhD dissertation under Geoffrey Lilley and its title was, "The structure of turbulent shear flow." Five years later, Morris 26 examined the stability characteristics of an ideally expanded compressible axisymmetric jet. Numerical solutions showed that the critical Reynolds number increased as the jet mean flow profile becomes fully developed. A year later, Morris 27 developed a model for large-scale coherent structures of subsonic and supersonic axisymmetric jets. Fluctuations were divided into a mean, a periodic wave, and a small-scale fluctuation, which is similar to the approach adopted in the present paper.
Tam and Morris 28 examined the noise radiation of instability waves within compressible turbulent shear layers. They developed a solution that is valid in both the near field and far field via asymptotic expansions of multiple scales. They predicted that the directivity pattern of acoustic radiation peaks near 20 from the downstream axis, which agrees with the investigation of Papamoschou and Roshko. 6 Morris et al. 29 returned to the problem of radiation from compressible shear layers a decade later, where he introduced a model for large-scale structures that depends on the superposition of instability waves. Finally, Morris 30 proposed a method to predict acoustic pressure power spectral density in the far field using the near-field fluctuations on a cylindrical surface surrounding the jet. The near field was decomposed into large-scale similarity (LSS) spectra and fine-scale similarity spectra according to the theory of Tam et al. 31, 32 and the analysis of Viswanathan. 33 This decomposition was consistent with the large-scale structures produced by instability waves or modeled via a wavepacket.
Present approach
In this paper, we examine the acoustic radiation from multiple high-speed subsonic and supersonic free shear layers. We decompose the flow field into a base component (an average), a component associated with the spatially and temporarily growing and decaying instability waves, and the acoustic radiation associated from the instability waves. We find an analytical solution for the acoustic radiation through the use of an acoustic analogy developed by Miller. 34 The arguments of the acoustic analogy involve the two-point crosscorrelation of quantities associated with the base flow, instability waves, and spectra of the field variables. The instability waves are modeled with a newly proposed basis function. A combination of LES, steady RANS solutions, and models of turbulence is used to close the acoustic analogy. We compare our predictions to those of previous investigators.
The acoustic analogy and acoustic source modeling are partly based on the approach of Miller. 34 The decomposition of the flow field is similar to that of Liu 12 and Morris. 27 Our model of the instability waves is represented by an infinitely differentiable and integrable basis function that can be summed to represent more complex waves. Our approach differs greatly from those models relying on wavepackets, where the wavepacket (see Jordan and Colonius 24 ) directly models the instability wave. Our model uses a basis function that is an argument of the two-point cross-correlation, which is used within the acoustic analogy.
In the next section, we present a mathematical model for the acoustic analogy and instability waves, which are representative of large coherent structures of growing and decaying turbulence. Next, results of the LES and steady RANS solutions of two-dimensional shear layers and their statistics are presented. We then present predictions for the spectral density of our model relative to the previous theories of Morris, [25] [26] [27] Tam and Morris, 28 Morris et al., 29 Morris. 30 Finally, we summarize our research and discuss its connection to more complicated flow fields.
Mathematical model
The Navier-Stokes equations govern the flow field of the turbulent shear layer. The continuity equation is
and the energy equation is
where e o is the total energy per unit mass, p is the pressure, u sub i and j are velocity components, t is the time, x is the spatial coordinate, and q is the density. The shear stress is s ij ¼ 2lS 
where q is the vector of the field variables. The overbar operator represents the component of q that is the time-varying or time-averaged base flow. The tilde operator represents the component of turbulence that is highly spatially coherent and anisotropic. Finally, the prime operator denotes the radiating component due to fluctuations of highly spatially coherent and anisotropic turbulence. The decomposition of equation (4) is substituted into the governing system of equations. The result is rearranged so that radiating quantities are on the left-hand side, and the base flow and turbulent fluctuating quantities are on the right. We then eliminate terms on the left-hand side of the decomposed equations that are high order, because radiating quantities are much smaller than nonradiating quantities. The right-hand sides are rearranged and result in the exact Navier-Stokes equations and energy equation operators working on the base flow and fluctuating anisotropic turbulence. The resultant right-hand side is considered as the source of noise and the left-hand side is an operator that propagates acoustic radiation. The right-hand side sources are then transformed using the newly proposed approach of Miller 34 to involve scales of turbulence in time and space. We now have a set of equations that can be solved through a convolution of the vector source term with the vector Green's function of the linearized Navier-Stokes equations. The solution is written as
where the subscript g denotes the Green's function, k ¼ 0 through 3 and represents which component of q is sought, the subscript n represents the vector component of the Green's function, x is the observer vector, y is the source vector, H n is the source term, and s is the retarded time.
The vector Green's function, q g;k;n x; t; y; s ð Þ , must satisfy the conservation of mass
and conservation of energy
A total of four components of the vector Green's function are required for evaluation of equation (5) because our source terms are two-dimensional. Here, n is the component of the vector Green's function. We now seek to form the spectral density of q k 0 . We assume that the forward and inverse transforms of q k;n exists. We use the Wiener-Khinchin theory in conjunction with the Fourier transform of q k;n and its complex conjugate, q Ã k;n , to find an integral equation for the autocorrelation. We define the spectral density, S k , as the inverse Fourier transform of the autocorrelation
for k ¼ 0-3 which corresponds to density, velocity components, and pressure, respectively. We combine the general time-domain solution of equation (5) and the Wiener-Khinchin autocorrelation. We now integrate in time, combine the resultant integrand within the inner summa, perform integration of x and s † (as they are the forward and inverse transforms and result in a prefactor), and finally simplify terms within the integral involving s. An integral results that is the two-point space-time cross-correlation between H m and H n . Let R m;n y; g; s ð Þ be the two-point space-time cross-correlation of the equivalent source
where hi is the two-point space-time cross-correlation operator. Using this definition and equation (10), we obtain the kth spectral density
We now seek to model the source terms within R m;n and write the source terms as a product of their magnitude and normalized two-point cross-correlation
where R is the normalized two-point cross-correlation and R m;n f g is its magnitude, which will be modeled based on H.
The operator, fg , introduced in equation (12), must approximate the magnitude of each two-point cross-correlation that varies spatially and temporarily in the flow field. The magnitude is related to the products of the integrated spectra of the field variables divided by appropriate length or time turbulent scales at corresponding wavenumbers. The magnitude of the fluctuating anisotropic component of turbulence is dependent on the wavenumber, j. For simplicity of modeling in this paper, we assume that each term of R m;n is unique and that it has the same functional form. This approach was used successfully for isotropic turbulence, opposed to a highly spatially coherent anisotropic flow of this paper, by Miller. 34 The resultant source term is symmetric. For example, the magnitude of the source term involving (13) Here, the "breve" symbol represents the wavenumber spectra of the field variable it operates on. The subscripts, (1) or (2), represent spatial positions within the flow field separated by the vector g. Appendix 1 shows all 10 terms within the source magnitude tensor. We relate the energy at j to the energy spectrum by
Correspondingly, we relate the spectrum of density at any point within the flow field as
Similarly, we relate the spectra of pressure, E p , on a wavenumber basis as
Finally, the spectra of temperature, E T , is
For any given wavenumber we choose the limits of integration to be constrained as
, to ensure that a power spectral density of acoustic pressure can be calculated. These spectra can either be modeled or calculated from an unsteady numerical simulation. We turn our attention to modeling the normalized two-point cross-correlation of the largescale coherent anisotropic turbulence. We propose a model for R R ¼
Here, the growing and decaying instability waves are
where u c is the local convection velocity and D represents a vector component in the x or y direction, which the instability wave model is dependent on. Here, we replace ðiÞ with (1) or (2) depending on which source position P is at. We isolate terms within the model for P involving time and integrate with respect to time in equation (18) . We find the expression 
Note that there are two values of j at positions separated by g. We now simplify the model equation for the spectral density of acoustic pressure (k ¼ 3) radiated from a twodimensional shear layer consisting of highly coherent anisotropic turbulence. The spectral density is 
Arguments have been proposed for the source term within model equation (11) . The vector Green's function q g;k;m must be found. For this purpose, we assume that the environment is quiescent except for a region that contains the two-dimensional turbulent shear layer. As the sound field is dominated by waves from large-scale structures, the refraction effects within the shear layer are small. Miller 34 shows the analytical solution for the linearized Navier-Stokes vector Green's function within a quiescent environment. This assumption implies that the refraction effects upon sound propagation are neglected. We use this vector Green's function here without modification.
Computational fluid dynamics
For the purposes of evaluating the newly developed acoustic analogy and for studying the turbulent structure, we performed a series of simulations consisting of both RANS and LES. The following sections discuss those approaches.
Steady RANS
Two-dimensional steady RANS solutions are obtained at shear layer Mach numbers of 0.75, 1.25, and 1.75 with the commercial software package FLUENT. Figure 1 shows the computational domain and boundary conditions used for the steady RANS solver. The computational domain is consistent with the problem description of Tam and Morris.
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The domain extends 4.5 m in the streamwise direction and 2 m in the cross-stream direction. The flows are separated by a virtual plate on the negative x-axis that extends 0.5 m upstream from the origin. This results in two flows entering the domain from the left boundary into the domain. A velocity inlet boundary condition is specified on the upper left inlet and a static pressure inlet is specified on the lower left side to simulate a quiescent fluid. Symmetric boundary conditions are used on the upper boundary and on the splitter plate. The remaining boundaries are modeled as static pressure outlets to avoid shock wave formation.
An implicit density-based solver is used in conjunction with Roe flux vector splitting to solve the steady RANS equations. The RANS equations are closed by an k-model implementation proposed by Launder and Spalding. 35 A second-order upwind scheme is utilized for terms involving quantities of turbulence. Convergence acceleration is achieved by dividing the mesh into two parts, where the upper half is approximated with the inlet velocity before the simulation commences.
LES using HiFiLES
We adapt and modify an LES code developed by Castonguay et al., 36 called high fidelity large eddy simulation (HiFiLES). HiFiLES is a high order of accuracy compressible viscous flow solver that runs on unstructured computational domains. The code uses the discontinuous Galerkin (DG) method with an energy stable flux reconstruction scheme known as Vincent-Castonguay-Jameson-Huynh (VCJH) to recover the solution. 37, 38 A nonlinearly stable Runge-Kutta fourth order of accuracy and five-step method is used to advance the algorithm in time. The code is highly parallel lending to the element-local nature of the scheme. We perform our LES simulations in parallel after using parallel graph partitioning and fill-reducing matrix ordering for mesh partitioning. 39 The accurate prediction of many scales of turbulence and broadband acoustic radiation is critical for our LES simulation of the two-dimensional shear layer. We require high-order discretization methods within our LES code. HiFiLES is a high-order method that yields a significant advantage over low-order accuracy approaches which do not necessarily capture as large a range of scales. Furthermore, high-order methods are inherently less dissipative, resulting in less interference with the correct development of the turbulent energy cascade. Finally, our selection of a high-order accuracy method results in significantly less computational expense opposed to an equivalent second-order method.
LES depends heavily on flux reconstruction. The domain is partitioned into n nonoverlapping elements. Each element in the physical domain is mapped onto a standard element. This involves a transformation from the coordinate system used in the computational domain to the standard element, which uses the Jacobian. The HiFiLES code uses Pth order polynomials to approximate the solution and flux. The solution and flux extrapolated to the flux points from the solution points are not continuous on the element interfaces. We use a Riemann solver for the DG method and which are then corrected using the VCJH scheme.
LES relies on the philosophy of numerically resolving the large-scale turbulent structures and modeling or implicitly dissipating the small-scale structures. The equations of motion are filtered for this purpose. For example, the filtered momentum equation is
and the filtered shear stress tensor is
where S ij is the filtered rate-of-strain tensor and s LES of the two-dimensional shear layer. The computational grid used in the LES simulation of the M ¼ 0:75 two-dimensional free shear layer is shown in Figure 2 . The computational domain contains 67,600 grid points, consisting of 520 in the streamwise direction and 130 in the cross-stream direction. Alone the negative x-axis is a horizontal separation of the domain that is used to generate the shear layer and separate the two incoming flows. The grid point spacing near the origin of the computational domain, which is the origin of the shear layer, has a grid point spacing of 1 Â 10 À4 m. The inlet of the domain is À3 m upstream from the origin of the shear layer to allow the flow field to develop. The outlet of the domain is extended 100 m downstream from the origin and the 50 m in the cross-stream direction. In the downstream direction, the domain is long and wide enough to prevent the boundary conditions from influencing the flow upstream. Figure 3 shows the boundary conditions prescribed for the LES simulation. At the inlet, which is the left side of the computational domain, the velocity is prescribed along with density, temperature, and Mach number. We allow for M 1 > 0 and at the upper inlet and at the lower inlet (y < 0) we set M 1 % 0. Recall that the inlet extends 5 m in the cross-stream direction and is long enough to eliminate any wall-based flow effects that might adversely alter the shear layer development. A slip wall boundary condition is prescribed at the upper and lower boundaries of the computational domain. Recall that the two flows are separated along the negative x-axis, and this is enforced by prescribing a slip wall boundary condition at these grid points. This strategy prevents the development of a boundary layer that would alter the desired dynamics of the shear layer. The boundary on the right side of the domain, where the flow exits the computational domain, is nonreflective and characteristic, to simulate the ambient environment. There are reflections of acoustic signals from the solid boundaries. However, since our method of noise prediction takes fluctuating values of aerodynamics arguments as acoustic sources, the weak reflection of acoustic signals from the solid boundaries will only have negligible effect on the final noise prediction result, unlike Ffowcs-Williams Hawkings (FWH) solvers. 40 At the beginning of each LES simulation, the flow field is initialized by running with polynomial solution representation of order 0 within each element for two million time steps. Then, the polynomial is altered to order one and another eight million time steps are performed until a steady state is achieved. The simulation is run for another one million time steps at polynomial order three. At this point, the LES is run for additional steps to sample the turbulent of statistics. Simulation parameters for each portion of the LES are shown in Table 1 We developed a new sampling subroutine to obtain time-varying statistics and wavenumber spectra. The field variables at user selected points are extracted and stored in text files. This is a three-step process. The first step consists of specifying which points within the flow field will be probed. Second, the locations of the probe points in the reference domain are obtained from a perspective transformation. During the final step, the desired variables at the probe points are written to the separate files as the simulation runs. Steady RANS solutions The length scales and time scales of turbulence must be estimated based on the RANS solution when an LES solution is not present. This is performed through the relations, l x ¼ l c k 3=2 = and s ¼ s c k=, where l x is the streamwise length scale, l c is a coefficient, s c is a coefficient, and s is the time scale. The cross-stream length scale is estimated as one-third of the streamwise length scale. These estimates for the three Mach numbers examined are shown in Figure 5 . Near the origin of the shear layer they all take on the value of zero. In the initial development of the shear layer they rise at a nonlinear rate and eventually increase linearly with increasing streamwise position. This is to be expected and matches many measurements and the LES results presented in the next section.
LES
Numerical probes in the computational domain are used to collect time history of field variables at the locations of interest every 100 time steps. This enabled us to resolve the fluctuation of field variables while taking up much less space compared to the snapshots of the whole flow field. The data collected is used to calculate the power spectra, turbulent scales, and convection velocity. Figure 6 shows contours of vorticity and pressure near the origin of the shear layer. Similar structures can be seen in the contour plot of density as shown in Figure 7 . The spatially evolving turbulent vortices and radiating acoustic waves are clearly present within the LES simulation.
The LES mean flow results are compared with the empirical formula proposed by Tam and Morris. 28 For our M ¼ 0:75 shear layer LES, we find that the spreading rate is 0.18, which is larger than that found by Tam and Morris. 28 Recall that the LES simulation is twodimensional and the vortices predicted are more coherent and have longer lifetimes than equivalent three-dimensional vortices. A mean streamwise velocity profile is shown in Figure  8 Wavenumber spectra are calculated throughout the LES computational domain. We show one spectrum in Figure 9 for illustrative purposes. The spectrum is located at x ¼ 0:0446 m, and the Kolmogorov -5/3 law is shown as a dashed line. The x-axis represents wavenumber, j ¼ fu À1 c , where f is frequency and u c is streamwise convection velocity (see Yule 41 ). We estimate the integral time scale at each sampling point as where T is the integral time scale of the streamwise velocity component. Autocorrelation functions within the LES simulation show large periodic oscillation. Integrations of equation (25) are restriction in the range from s ¼ 0 to the first zero crossing for each sampling point. Spatial scales are derived from temporal scales using Taylor's frozen turbulence hypothesis (see Tennekes and Lumley 42 and Cenedese et al. 43 for details). The length scale is derived from the time scale as l x ¼ u c T, where u c is the wavelength independent overall convection velocity of the flow. It is obtained from the two-point cross-correlation. 44 
Aeroacoustic results
A central point of this research is the use of a basis function of the instability wave shown in equation (19) for P. We show the behavior of this equation for typical values within a turbulent flow. Figure 10 shows the normalized instability wave basis function at various times, t, on the x-axis. To illustrate their behavior, we select arguments of equation (19) as j ¼ 10:0; u c ¼ 0:50; l x ¼ 1:0; l y ¼ 1:0, and s ¼ 1:0. The arguments are held constant while t varies from the time which the instability wave is at its largest amplitude (t ¼ 0) through its decay at t ¼ 1. The x-axis is in meters and the y-axis is the normalized amplitude. The envelope represents the maximum bound of the instability wave in space-time. It is Gaussian in shape because we chose i c ¼ 1 for simplicity. Figure 10 shows that as time increases the instability wave decreases, but the wavenumber and propagation speed are altered. In the context of this model, instability waves reside everywhere within the turbulent flow and their amplitudes, wavenumbers, and propagation speeds vary.
Contours of a single instability wave modeled by equation (19) are shown in Figure 11 . Here, the x-axis and y-axis are in meters and contours of the instability wave model are from negative one to one. The arguments of the model are j ¼ 10, u c ¼ 0:50, l x ¼ 2, l y ¼ 0:5, and t ¼ 0. Figure 10 shows the temporal and spatial variation of the instability wave model along the central axis; here, we emphasize the spatial variation. The length scales within equation (19) control its spatial width and lengths that are dependent on the wavenumber and the integral scale of turbulence. The periodic wave structures travel at the convection velocity u c that is a vector. It is in the x-direction for illustration purposes only. There is little disturbance from the instability wave model far from its origin. At large or small times the disturbance due to the instability wave is negligible. The flow is considered statistically stationary in the framework of the model while the instability waves are transient.
Acoustic radiation occurs through two mechanisms if the source consists of instability waves. Within the context of the present acoustic analogy, the first type of radiation is due to each instability wave. This is represented through an instability wave source separation distance of zero, which results in a single instability wave such as that shown in Figure  11 . The second type is when two instability waves interact with each other. This situation is illustrated in Figure 12 . Here, the contours are normalized magnitude of P 1 interacting with P 2 . Each instability wave possesses its own unique set of properties and this is reflected in the present prediction approach. In Figure 12 , the arguments of instability wave (1) and (2) We now turn our attention toward acoustic predictions. These predictions now use either the steady RANS or the LES results, unlike Figures 10 through 12 that used simple prescribed values to illustrate the wave basis function behavior. Figure 13 shows far-field SPL 28 These predictions correspond to the low frequency of x ¼ 0:005 and are normalized by the maximum predicted SPL. Generally, the predictions are in good agreement given the large range of the y-axis and the estimations involved in the RANS-based predictions.
The peak magnitude of the prediction occurs near 20 , and this is expected for twodimensional shear layer radiation. The radiated noise is broadband in nature and contains two main peaks. The large-scale coherent anisotropic structures are responsible for radiating noise predominantly in the downstream direction and also contribute to a higher radiation angle near 65
. We see that both the predictions of Tam and Morris 28 and ours capture this trend. Tam and Morris 28 write, "only those wavenumber components of the pressure fluctuation at the edge of the flow field which have a sonic phase velocity to some location in the far field can radiate noise." This is an excellent explanation of why as M increases the dominant broadband radiated noise rises in the peak radiation direction of 20 . The primary broad lobe of noise, centered near 20 , is due to the large-scale anisotropic turbulent structures within the shear layer. The secondary broad lobe of noise, centered at the higher angle near 65
, is due to the interaction of two large-scale anisotropic turbulent structures located at two different spatial locations. This latter situation is illustrated in Figure 12 . In the context of a single model that only contains large-scale turbulent structures, we have predicted both the primary and secondary broad lobe seamlessly. We examine the variation of the far-field SPL directivity as a function of frequency, x, and radiation angle, h. Figure 14 shows predictions based on the steady RANS data at M ¼ 1:75 and frequencies x ¼ 0:005, 0.015, and 0.050. Predictions of Tam and Morris 28 are also shown. The directivity is normalized by the maximum value of the prediction at x ¼ 0:005. Tam and Morris 28 wrote, "As can be seen from. . . the directivity pattern in the far field is governed by the wavenumber component spectrum amplitude as a function of wavenumber and a sin 2 h weighting factor." Predictions show a lower decay of SPL at the peak radiation angle of 20 and more broad spectral content. A predicted spectrum of the present approach is shown in Figure 15 . The y-axis is SPL per unit Hertz and is normalized by the maximum predicted SPL. The x-axis is normalized frequency, where the maximum frequency of the prediction is approximately 3 kHz. The observer angle is h ¼ 20
. The LSS spectrum and small-scale similarity (SSS) spectrum of Tam et al. 31 are normalized by corresponding peak SPL and corresponding maximum frequency, f max . The SSS represents an empirical acoustic spectrum from three-dimensional jet turbulence that fits a wide range of measurement data, especially at the sideline direction of the jet. It represents the noise contribution due to relatively incoherent locally isotropic turbulence. The LSS spectrum is similar to the SSS spectrum except it represents the portion of the spectrum that is due to highly spatially coherent anisotropic turbulence. The LSS spectrum represents the dominant portion of acoustic energy in the downstream direction of the jet flow field. Recall that combinations of the LSS and SSS spectra represent the total noise from the fine-scale and large-scale noise sources. Compare the relative spectral widths of the present prediction with that of the LSS of Tam et al. 31 in Figure 15 . The predicted spectrum is much narrower than the LSS spectrum. This is due to the use of a flow field that is a two-dimensional shear layer while the LSS is calibrated against jet turbulence. The two-dimensional shear layer has much higher spatial coherence because very strong paired vortices (as can be seen in our LES figures) exist that do not break down as readily as jet turbulence. The major advantage of this theory, when applied to the two-dimensional shear layer, is that we are able to explicitly study the largescale coherent anisotropic turbulence. The two-dimensional shear layer has the majority of its energy contained in the paired vortices.
Summary and conclusion
We decomposed the Navier-Stokes equations into a base flow, fluctuations involving largescale anisotropic turbulence, and the associated radiated noise. A closed-form solution for the radiating acoustic waves is devised and the source terms are modeled based on a new instability wave model. The instability waves and the interaction of instability waves with other instability waves are responsible for the dominant acoustic radiation. We applied our method to the two-dimensional shear layer and compared our predictions with those of Tam and Morris, and the agreement is very good. We captured both the dominant radiation in the downstream direction and the secondary broadband radiation at slightly higher angles relative to the dominant radiation angle. The model depends on estimation of the instability wave's strength and also the wavenumber spectra of each of the field variables. These are found through both LES and steady RANS CFD solutions. One of the major advantages of this particular approach and the examination of the two-dimensional shear layer is that the majority of the energy of the flow and associated acoustic radiation is contained within large-scale spatially coherent anisotropic structures. Research is already being conducted to extend this model to a more general framework that includes both anisotropic sources and locally isotropic sources that includes their interaction with shock waves.
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